Free topological groups have been constructed and studied by a number of people (e.g., see [4] ). In this paper we give a construction for a free topological semigroup (1.1) . This construction resembles the one in [4] for topological groups. In § 2 free topological semigroups and free topological groups are used to investigate the problem of embedding a topological semigroup in a topological group. Rothman [7] defined a concept called Property F and proved that Property F is a necessary and sufficient condition for embedding a T 2 commutative, cancellative topological semigroup in its group of quotients as an open subset. Rothman's result is generalized by defining Property E and proving that a T ι completely regular topological semigroup S can be embedded in a topological group by a topological isomorphism if and only if S can be embedded (algebraically) in a group and S has Property Έ. Examples are given to illustrate the differences between Property F and Property E. Rothman [7] also defined a concept called Property J and showed that certain subsemigroups having Property F or Property / of compact semigroups could be embedded in a topological group. His results are generalized in § 3 by introducing group liftable semigroups and showing that certain group liftable subsemigroups of compact Hausdorff semigroups are embeddable in a topological group.
A topological semigroup is a topological space with a continuous, associative multiplication. A continuous function will be called a map. The cardinality of a set Y will be denoted by \Y\. Let C be the cardinality of the continuum.
we have that F(X) is the free semigroup generated by έ?{X 2. Embedding topological semigroups in topological groups* It is a well-known algebraic result that a commutative, cancellative semigroup can be embedded in a group (called the group of quotients or the group generated by the semigroup). In [7] Rothman considers the problem of embedding (by a topological isomorphism) a commutative, cancellative T 2 topological semigroup in its group of quotients (furnished with the quotient topology) as an open subset. Rothman defines the following concept and proves that it is a necessary and sufficient condition for the solution of his embedding problem. DEFINITION In the following we generalize Rothman's problem and solution by finding necessary and sufficient conditions for a T 1 completely regular topological semigroup to be embedded in a topological group by a topological isomorphism. Free topological semigroups and free topological groups are important tools for investigating this problem.
Let Z 2 be the two element semigroup { + 1, -1} with binary operation defined by (+1) (-1) (n(a) )} is a /-sequence in S and {d(α, i, r): α 6 A, i e JJ(w(α))} is a /-sequence in Z 2 , then the pair ({s(α, i, r): α e A, i G Z(w(α))}, {d(α, ί, r): a e A, i e Z(n(α))})
will be called a signed f-sequence and will be denoted by
is a finite collection of signed /-sequences in S with i ranging over the same set Z(n(a)) for each a e A in each /-sequence, then this collection of /-sequences will be denoted more briefly by u(a, i, p) : a e A, ί e Z(n(a))} .
For the remainder of § 2 let S be a T x completely regular topological semigroup and let {(S a ,f a )} aeκ be the collection given in the proof of 1.1 which corresponds to the free topological semigroup F(S) generated by S. Let e' be the evaluation map corresponding to K, i.e., e f : S-+ΐlaeκ S a is defined by (e'(s))(a) = f a (s) for seS.
In a similar manner we can also obtain a collection {(G δ , k δ )} δeD , G δ a topological group for each δ e D -D(S) by replacing "semigroup" by "group" in the construction of the proof of 1.1. In Theorem 8.8 of [3] this last collection is used to construct a free topological group (G(S), e) generated by S where e is the evaluation corresponding to
Property E is defined below in 2.2. This concept plays the role of Rothman's Property F in our investigation. Property E is best understood by examining it in the framework of the proof of 2.4 below. It is interesting to compare Property E with Malcev's [5] necessary and sufficient conditions for embedding a semigroup in a group. DEFINITION 
The topological semigroup S has Property E if and only if the existence of a directed set
a net {s a , aeA] in S, and seS such that (l)- (4), (6)- (7) below hold for each ae A, ieZ(n(a) + 1) and such that (5) below holds for each
If M is a semigroup and i? is a relation on M (i.e., a subset of M x ϋί), then the congruence R r on M generated by R [1] is the intersection of all congruences on M containing R. In Theorem 1.8 of [1] there is an explicit description of R' in terms of R as follows. This explicit description of the congruence generated by a relation will be used in the proof of Theorem 2.4 below.
The following algebraic result may be found in [1, p. 294 for each aeA. There exists a signed /-sequence {(s(α, i, r), ώ s ): aeA, i e Z(n(a) + 1)} in S such that g ati = e(s(a, i, r), eZ β ) for a e A, ΐ e Z(w(α) + 1). Since (1*) above holds for each aeA there exist signed /-sequences
for αei and ieZ(n(ά) + 1) ,
j), d*)e(u'(a, i, m'), d u ')e(t'(a, i, j') f d tf )
for aeA and ieZ(n(a)) , in S such that (l f ), (2'), and (3') below hold for a e A and i 6 Z(n(a) + 1).
Since g a -*Q it follows that
> Λθ(«) for each δ e D .
We can now apply Property E using (V)-(T) to obtain that h(s a ) = k δ (p Λ ,e)-ι x a • fc δ (s) = h(e~ι(g)) for each δeZ). This means that e(s a ) ->g -e(s) in G and hence in e(S). But e is a homeomorphism and so s a~-+s in S. Note that for each αei, Thus
It follows that p R ,e is open and hence a topological isomorphism. Now assume S can be embedded in a topological group H by a topological isomorphism ψ:S~*H.
Let fP be the group generated by ψ(S). As in the first part of the theorem we obtain maps q: F(S)~+S and w: F(S)-+G(S) = S such that qe' -i 8 and we f = β. Again we let R = w" 1 °qoq-ι o<w, R' the congruence on (? generated by JR and p R ,:G-*G/R' the natural projection. There exists a COP-tinuous homeomorphism η: G-* H' such that ηe = ψ since G is the free topological group generated by S. Now we have that R' S Rη = the congruence induced by η. (This last fact is easily shown to be true by an argument similar to the one in [1, p. 291 
a net {s a , aeA) in S, and seS such that (l)- (4), (6)- (7) 
)-+PR'Φ)
Let R 2 be the congruence defined on G in the first part of the proof. Equations (1), (2), and (3) in Definition 2.2 imply that (e (u(a, ί, m) 
for each a e A and i e Z(n(a) + 1). Equations (4), (5), and (6) Thus (e (8(a, 1, r) ), d s ), β(s β )) = (flr β , e(e e )) e for each ae A. This means that p R >{g a ) = PR'ΦO) Proof. By Theorem 2.1 of [7] and its proof N can be embedded in its group of quotients and N is completely regular. EXAMPLE 2.7. Let S be the positive reals with the Euclidean topology. Then S is embeddable as an open subset of the reals and hence has both Property F and Property E. EXAMPLE 2.8. Let S be the reals with the half open interval topology. Then S is embeddable algebraically in a group but not embeddable in any topologieal group since if S were embeddable in some topologieal group G, then the image would be a subgroup of G and hence S would be a topologieal group. Thus S doesn't have Property E and hence doesn't have Property F by 2.6. EXAMPLE 2.9. Let S be the nonnegative reals with the Euclidean topology. Then S can be embedded in R, the reals with the Euclidean topology and hence S has Property E. Now R is the group of quotients of S and hence S doesn't have Property F since S is not open in R. 3* Subsemίgroups of compact semigroups* In this section S will be a commutative, cancellative, subsemigroup of a compact Hausdorff semigroup T such that if se S,te T and st e S, then teS.
Construct the group of quotients G of S in the usual fashion: define a congruence relation R on S x S by ((α, 6) , (c, d) ) eR if and only if ad = be. Let G = (S x S)/R and p: S x S-+G be the natural projection. For α, any element of S, define p: S ->G by P(s) =z p(sa, a). Rothman [7, Th. 3.1] shows that the mapping P is a homeomorphism into G. Thus S is embeddable in a topological group by a topological isomorphism if G is a topological group Rothman defines the following concept. Rothman shows that G is a topological group if S has Property JP or Property J. In the following we give a more general condition under which G is a topological group. Proof. Let m, m x m, m* be the binary operations in S, S x S, (S x S)/i? = G respectively. It will be first shown that m* is continuous. To do this let B be closed in G. Let the net { (p(a a , b a ) 
for each #. Since S is group liftable there exist a subnet {(α^, 6^)} of {(α*, δ*)} and nets {a' β }, {b' β } such that {(αj, δ£)} converges to (a?, #) in S x S with α δ = 3/α and such that a β b β = b' β a β for each β. Also by the group liftability of S there exist a subnet {(% w v v )} of { (u β , v β , } and nets «}, {i;^} such that {(u' v , v' v )} converges to (w, z) in S x S with wv = 2;^ and such that M^ = ^'u v for each v. Then ((α', b' v ) , (ul, v[)) converges to ((#, ?/) (p(x, y), p(w, z) ) e A. But p(x, y) = p(α, 6) and p (w, z) = p(u, v) and so A is closed in G x G. Thus m* is continuous. The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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